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Abstract
A graph G is uniquely k-colorable if the chromatic number of G is k and G has
only one k-coloring up to permutation of the colors. A uniquely k-colorable
graph G is edge-critical if G − e is not a uniquely k-colorable graph for
any edge e ∈ E(G). Mel’nikov and Steinberg [L. S. Mel’nikov, R. Steinberg,
One counterexample for two conjectures on three coloring, Discrete Math. 20
(1977) 203-206] asked to find an exact upper bound for the number of edges in
a edge-critical 3-colorable planar graph with n vertices. In this paper, we give
some properties of edge-critical uniquely 3-colorable planar graphs and prove
that if G is such a graph with n(≥ 6) vertices, then |E(G)| ≤ 5
2
n− 6, which
improves the upper bound 8
3
n− 17
3
given by Matsumoto [N. Matsumoto, The
size of edge-critical uniquely 3-colorable planar graphs, Electron. J. Combin.
20 (3) (2013) #P49]. Furthermore, we find some edge-critical 3-colorable
planar graphs which have n(= 10, 12, 14) vertices and 5
2
n− 7 edges.
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1. Introduction
A graph G is uniquely k-colorable if χ(G) = k and G has only one k-
coloring up to permutation of the colors, where the coloring is called a unique
k-coloring. In other words, all k-colorings of G induce the same partition of
V (G) into k independent sets. In addition, uniquely colorable graphs may be
defined in terms of their chromatic polynomials, which initiated by Birkhoff
[2] for planar graphs in 1912 and, for general graphs, by Whitney [11] in
1932. Because a graph G is uniquely k-colorable if and only if its chromatic
polynomial is k!. For a discussion of chromatic polynomials, see Read [10].
Let G be a uniquely k-colorable graph, G is edge-critical if G − e is
not uniquely k-colorable for any edge e ∈ E(G). Uniquely colorable graphs
were defined and studied firstly by Harary and Cartwright [6] in 1968. They
proved the following theorem.
Theorem 1.1. (Harary and Cartwright [6]) Let G be a uniquely k-colorable
graph. Then for any unique k-coloring of G, the subgraph induced by the
union of any two color classes is connected.
As a corollary of Theorem 1.1, it can be seen that a uniquely k-colorable
graph G has at least (k − 1)|V (G)| − (k
2
)
edges. Furthermore, if a uniquely
k-colorable graph G has exactly (k − 1)|V (G)| − (k
2
)
edges, then G is edge-
critical. There are many references on uniquely colorable graphs. For exam-
ple see Chartrand and Geller [5], Harary, Hedetniemi and Robinson [7] and
Bolloba´s [3].
Chartrand and Geller [5] in 1969 started to study uniquely colorable pla-
nar graphs. They proved that uniquely 3-colorable planar graphs with at
least 4 vertices contain at least two triangles, uniquely 4-colorable planar
graphs are maximal planar graphs, and uniquely 5-colorable planar graphs
do not exist. Aksionov [1] in 1977 improved the low bound for the number of
triangles in a uniquely 3-colorable planar graph. He proved that a uniquely
3-colorable planar graph with at least 5 vertices contains at least 3 trian-
gles and gave a complete description of uniquely 3-colorable planar graphs
containing exactly 3 triangles.
For an edge-critical uniquely k-colorable planar graph G, if k = 2, then
it is easy to deduce that G is tree and has exactly |V (G)|−1 edges. If k = 4,
then G is a maximal planar graph and has exactly 3|V (G)| − 6 edges by
Euler’s Formula. Therefore, it is sufficient to consider the size of uniquely 3-
colorable planar graphs. We denote by UE the set of all edge-critical uniquely
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3-colorable planar graphs and by size(n) the upper bound of the size of edge-
critical uniquely 3-colorable planar graphs with n vertices.
In 1977 Aksionov [1] conjectured that size(n) = 2n − 3. However, in
the same year, Mel’nikov and Steinberg [9] disproved the conjecture by con-
structing a counterexample H, which has 16 vertices and 30 edges. Moreover,
they proposed the following problems:
Problem 1.2. (Mel’nikov and Steinberg [9]) Find an exact upper bound for
the number of edges in a edge-critical 3-colorable planar graph with n vertices.
Is it true that size(n) = 9
4
n− 6 for any n ≥ 12?
Recently, Matsumoto [8] constructed an infinite family of edge-critical
uniquely 3-colorable planar graphs with n vertices and 9
4
n − 6 edges, where
n ≡ 0(mod 4). He also gave a non-trivial upper bound 8
3
n− 17
3
for size(n).
In this paper, we give some properties of edge-critical uniquely 3-colorable
planar graphs with n vertices and improve the upper bound of size(n) given
by Matsumoto [8] to 5
2
n − 6, where n ≥ 6. Moreover, we give some edge-
critical 3-colorable planar graphs which have n(= 10, 12, 14) vertices and
5
2
n− 7 edges. It follows that the conjecture of Mel’nikov and Steinberg [9] is
false because 5
2
n− 7 > 9
4
n− 6 if n ≥ 12.
2. Notation
Only finite, undirected and simple graphs are considered in this paper.
For a planar graph G = (V (G), E(G), F (G)), V (G), E(G) and F (G) are the
sets of vertices, edges and faces of G, respectively. We denote by δ(G) and
∆(G) the minimum degree and maximum degree of graph G. The degree of
a vertex v ∈ V (G), denoted by dG(v), is the number of neighbors of v in G.
The degree of a face f ∈ F (G), denoted by dG(f), is the number of edges in
its boundary, cut edges being counted twice. When no confusion can arise,
dG(v) and dG(f) are simplified by d(v) and d(f), respectively. A face f is a
k-face if dG(f) = k and a ≥k-face if dG(f) ≥ k. The similar notation is used
for cycles. We denote by Vi(G) the set of vertices of G with degree i and by
V≥i(G) the set of vertices of G with degree at least i, where δ(G) ≤ i ≤ ∆(G).
The similar notation is used for the set of faces of G.
A k-wheel is the graph consists of a single vertex v and a cycle C with k
vertices together with k edges from v to each vertex of C. A planar (resp.
outerplanar) graph G is maximal if G+ uv is not planar (resp. outerplanar)
for any two nonadjacent vertices u and v of G. Let V1 and V2 be two disjoint
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subset of V (G), we use e(V1, V2) to denote the number of edges of G with
one end in V1 and the other in V2. In particular, if V1 or V2 = {v}, we simply
write e(v, V2) or e(V1, v) for e(V1, V2), respectively. To contract an edge e of a
graph G is to delete the edge and then identify its ends. The resulting graph
is denoted by G/e. Two faces f1 and f2 of G are adjacent if they have at
least one common edge. A k-cycle C is said to be a separating k-cycle in G
if the removal of C disconnects the graph G.
A k-coloring of G is an assignment of k colors to V (G) such that no two
adjacent vertices are assigned the same color. Naturally, a k-coloring can
be viewed as a partition {V1, V2, · · · , Vk} of V , where Vi denotes the set of
vertices assigned color i, and is called a color class of the coloring for any
i = 1, 2, · · · , k. Two k-colorings f and f ′ of G are said to be distinct if they
produce two distinct partitions of V (G) into k color classes. A graph G is
k-colorable if there exists a k-coloring of G, and the chromatic number of G,
denoted by χ(G), is the minimum number k such that G is k-colorable.
The notations and terminologies not mentioned here can be found in [4].
3. Properties of edge-critical uniquely 3-colorable planar graphs
Let G be a 3-colorable planar graph and f be a 3-coloring of G. It is
easy to see that the restriction of f to G− e is a 3-coloring of G− e, where
e ∈ E(G). For convenience, we also say f is a 3-coloring of G − e. If there
exists a 3-coloring f ′ of G− uv such that f ′(u) 6= f ′(v), then we say that f ′
can be extended to a 3-coloring of G.
Theorem 3.1. Let G be a uniquely 3-colorable planar graph. Then G ∈ UE
if and only if G/e is 3-colorable for any edge e ∈ E(G).
Proof Suppose that G ∈ UE, then, by definition, G − e has at least two
distinct 3-colorings for each e = uv ∈ E(G). Since G is uniquely 3-colorable,
we conclude that there exists a 3-coloring f of G− e such that f(u) = f(v).
Hence G/e is 3-colorable.
Conversely, suppose that G /∈ UE. Then there exists an edge e′ = uv ∈
E(G) such that G−e′ is also a uniquely 3-colorable planar graph. Obviously,
for any unique 3-coloring f of G, we have f(u) 6= f(v). So G/e′ is not 3-
colorable. This establishes Theorem 3.1.
The following result is obtained by Theorem 3.1.
Corollary 3.2. Let G ∈ UE and v ∈ V (G). If v is incident with exactly one
4-face and all other faces incident with v are triangular, then d(v) is even.
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Proof Suppose that the result is not true. Let v1, v2, · · · , v2k+1 be the neigh-
bors of v and v1, v, v2k+1 and u be the vertices of the 4-face. Then the graph
G/uv1 contains a (2k + 1)-wheel. Hence G/uv1 is not 3-colorable, a contra-
diction with Theorem 3.1.
Theorem 3.3. Suppose that G ∈ UE and G0 is a subgraph of G. If G0 is
uniquely 3-colorable, then we have
(i) G0 ∈ UE;
(ii) For any vertex v ∈ V (G) \ V (G0), e(v, V (G0)) ≤ 2.
Proof (i) Suppose that G0 /∈ UE, then there exists an edge e = uv ∈ E(G0)
such that G0 − e is also uniquely 3-colorable. Let f be a unique 3-coloring
of G. Since G ∈ UE, then G− e has a 3-coloring f ′ which is distinct from f .
Note that f(u) 6= f(v), we have f ′(u) 6= f ′(v). Thus, f ′ can be extended to a
3-coloring of G. So G has two distinct 3-colorings f and f ′, which contradicts
G ∈ UE.
(ii) Suppose that there exists a vertex v ∈ V (G) \ V (G0) such that
e(v, V (G0)) = 3. Let f be a unique 3-coloring of G and v1, v2, v3 ∈ V (G0) be
the three neighbors of v in G. Then their exist at least two vertices among
v1, v2 and v3 receive the same color. We assume w.l.o.g. that f(v1) = f(v2).
Since G ∈ UE, then G−vv1 has a 3-coloring f ′ which is distinct from f . Note
that G0 is uniquely 3-colorable and f(v) 6= f(v2), we have f ′(v) 6= f ′(v1).
Thus, f ′ can be extended to a 3-coloring of G. This is a contradiction.
Corollary 3.4. Suppose that G ∈ UE contains a sequence T1, T2, · · · , Tt of
triangles satisfying Ti and Ti+1 have a common edge, where i = 1, 2, · · · , t−1
and t ≥ 2. Let v and u be the vertices in V (T1)\V (T2) and V (Tt)\V (Tt−1),
respectively, then v 6= u and vu /∈ E(G).
Proof Let v1, v2 be the neighbors of v in T1. Since the subgraph of G
consists of t− 1 triangles T2, T3, · · · , Tt is uniquely 3-colorable, by Theorem
3.3, we know that u is not adjacent to v1 or v2 in G. Thus, v 6= u. Similarly,
since the subgraph of G consisting of t triangles T1, T2, · · · , Tt is uniquely
3-colorable, we have vu /∈ E(G).
By Corollary 3.4, we have the following result.
Corollary 3.5. Suppose that G ∈ UE has no separating 3-cycles. Let H be
a subgraph of G that consists of a sequence of triangles T1, T2, · · · , Tt such
that each Tj has a common edge with Ti for some i ∈ {1, 2, · · · , j−1}, where
j = 2, 3, · · · , t. Then G[V (H)] is a maximal outerplanar graph.
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For a planar graph G ∈ UE, if G has no separating 3-cycles, we call the
subgraph H in Corollary 3.5 a triangle-subgraph of G. Note that a triangle
is a triangle-subgraph of G. Therefore, any G ∈ UE has at least one triangle-
subgraph. A triangle-subgraph H of G is maximal if there is no maximal
outerplanar subgraph H ′ of G such that H ⊂ H ′. In other words, the graph
H consists of the longest sequence T1, T2, · · · of triangles such that each Tj
(j ≥ 2) has a common edge with Ti for some i ∈ {1, 2, · · · , j − 1}.
Theorem 3.6. Suppose that G ∈ UE has no separating 3-cycles. Let G0
be a uniquely 3-colorable subgraph and H1, H2 be any two maximal triangle-
subgraphs of G. If E(G0) ∩ E(Hi) = ∅, i = 1, 2, then we have
(i) G0 and H1 have at most one common vertex;
(ii) If G0 and H1 have a common vertex v, then e(V (G0−v), V (H1−v)) ≤ 1;
otherwise, e(V (G0), V (H1)) ≤ 3;
(iii) If H1 and H2 have a common vertex v, G0 and Hi have a common
vertex vi and v 6= vi, i = 1, 2, then the union of G0, H1 and H2 is
uniquely 3-colorable.
Proof Let f be a unique 3-coloring of G.
(i) Suppose, to the contrary, that G0 and H1 have two common vertices v1
and v2. Since E(G0)∩E(H1) = ∅, then v1 and v2 are not adjacent in both H1
and G0. Otherwise, if v1v2 ∈ E(G0)\E(H1), this contradicts Corollary 3.4;
if v1v2 ∈ E(H1)\E(G0), then G0 + v1v2 is uniquely 3-colorable but not edge-
critical, a contradiction with Theorem 3.3. By the definition of a triangle-
subgraph, we know that there exists a sequence T1, T2, · · · , Tt of triangles in
H1 such that Ti and Ti+1 have a common edge and {v1} = V (T1)\V (T2),
{v2} = V (Tt)\V (Tt−1), where i = 1, 2, · · · , t− 1.
If f(v1) = f(v2). Let v3 be a neighbor of v1 in T1, then v3 ∈ V (T2). Since
G ∈ UE, then G − v1v3 has a 3-coloring f ′ which is distinct from f . Note
that both G0 and the subgraph of H1 consists of t−1 triangles T2, · · · , Tt are
uniquely 3-colorable and f(v2) 6= f(v3). So f ′(v1) = f ′(v2), f ′(v2) 6= f ′(v3),
namely f ′(v1) 6= f ′(v3). Therefore, f ′ can be extended to a 3-coloring f ′ of
G which is distinct from f . This contradicts G ∈ UE.
If f(v1) 6= f(v2). Let v4 be a neighbor of v1 in T1 satisfying f(v4) = f(v2).
Since G ∈ UE, then G − v1v4 has a 3-coloring f ′ which is distinct from f .
Since both G0 and the subgraph of H1 consists of t−1 triangles T2, · · · , Tt are
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uniquely 3-colorable, we have f ′(v1) 6= f ′(v4). Therefore, f ′ can be extended
to a 3-coloring f ′ of G which is distinct from f . It is a contradiction.
(ii)Case 1. G0 and H1 have a common vertex v.
Suppose that e(V (G0 − v), V (H1 − v)) ≥ 2 and u1v1, u2v2 are two edges
with u1, u2 ∈ V (G0 − v) and v1, v2 ∈ V (H1 − v). If there exists a vertex
u ∈ {u1, v1, u2, v2} such that f(v) = f(u), we assume w.l.o.g. that u = u1,
then f(v) 6= f(v1). Since G ∈ UE, G − u1v1 has a 3-coloring f ′ which is
distinct from f . Note that both G0 and H1 are uniquely 3-colorable, we have
f ′(v) = f ′(u1) and f ′(v) 6= f ′(v1). Thus f ′(u1) 6= f ′(v1) and then f ′ can be
extended to a 3-coloring f ′ of G which is distinct from f . If f(v) 6= f(w) for
any w ∈ {u1, v1, u2, v2}, then {f(u1), f(v1)} = {f(u2), f(v2)}. Thus, we have
either f(u1) = f(u2) and f(v1) = f(v2), or f(u1) = f(v2) and f(u2) = f(v1).
Since G−u2v2 has a 3-coloring f ′ which is distinct from f , and G0 and H1 are
uniquely 3-colorable, we have f ′(u2) 6= f ′(v2). Therefore, f ′ can be extended
to a 3-coloring f ′ of G which is distinct from f .
Case 2. G0 and H1 have no common vertex.
Suppose that e(V (G0), V (H1)) ≥ 4 and u1v1, u2v2, u3v3, u4v4 are 4 edges
with ui ∈ V (G0) and vi ∈ V (H1), i = 1, 2, 3, 4. Then there exist two edges,
say u1v1 and u2v2, such that {f(u1), f(v1)} = {f(u2), f(v2)}. By using a
similar argument to Case 1, we can obtain a 3-coloring f ′ of G−u1v1, which is
distinct from f and can be extended to a 3-coloring of G. It is a contradiction.
(iii) By definition of H1, there exists a sequence T1, T2, · · · , Tt of triangles
in H1 such that Ti and Ti+1 have a common edge and {v} = V (T1)\V (T2),
{v1} = V (Tt)\V (Tt−1), where i = 1, 2, · · · , t− 1.
Suppose that |{f(v), f(v1), f(v2)}| = 1. Let u be an arbitrary neighbor
of v in V (T1). Then f(v1) 6= f(u). Since G ∈ UE, G− vu has a 3-coloring f ′
which is distinct from f . Note that G0, H2 and the subgraph of H1 consists of
t− 1 triangles T2, · · · , Tt are uniquely 3-colorable, we have f ′(v) = f ′(v2) =
f ′(v1) and f ′(v1) 6= f ′(u). Therefore, f ′ can be extended to a 3-coloring f ′
of G which is distinct from f . This contradicts G ∈ UE.
Suppose that |{f(v), f(v1), f(v2)}| = 2, then their exists i ∈ {1, 2} such
that f(v) 6= f(vi). We assume w.l.o.g. that f(v) 6= f(v1). Let u be a neighbor
of v in V (T1) satisfying f(u) = f(v1). If f(v) = f(v2), then f(v1) 6= f(v2).
Since G ∈ UE, G − vu has a 3-coloring f ′ which is distinct from f . Note
that G0, H2 and the subgraph of H1 consists of t− 1 triangles T2, · · · , Tt are
uniquely 3-colorable, we have f ′(v) = f ′(v2), f ′(v1) = f ′(u) and f ′(v1) 6=
f ′(v2). Thus, f ′(v) 6= f ′(u). Therefore, f ′ can be extended to a 3-coloring f ′
of G which is distinct from f . This contradicts G ∈ UE. Iff(v) 6= f(v2), then
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f(v1) = f(v2). Since G ∈ UE, G−vu has a 3-coloring f ′ which is distinct from
f . Since G0, H2 and the subgraph of H1 consists of t− 1 triangles T2, · · · , Tt
are uniquely 3-colorable, we have f ′(u) = f ′(v1) = f ′(v2) and f ′(v) 6= f ′(v2).
Thus, f ′(v) 6= f ′(u). This contradicts G ∈ UE.
Suppose that |{f(v1), f(v2), f(v3)}| = 3. Using the fact that any coloring
f ′ of two vertices u,w ∈ V (G′) with f ′(u) 6= f ′(w) can be extended uniquely
to a 3-coloring of G′, we can obtain that the union of G0, H1 and H2 is
uniquely 3-colorable, where G′ ∈ {G0, H1, H2}.
4. Size of edge-critical uniquely 3-colorable planar graphs
In this section, we consider the upper bound of size(n) for edge-critical
uniquely 3-colorable planar graphs with n(≥ 6) vertices.
Suppose thatG ∈ UE andG has no separating 3-cycles. LetH1, H2, · · · , Hk
be all of the maximal triangle-subgraphs of G. For two maximal triangle-
subgraphs Hi and Hj having a common vertex v, if there exists H` such that
Hi, Hj and H` satisfy the condition of Case (iii) in Theorem 3.6, namely Hi
and H` have a common vertex (say vi), Hj and H` have a common vertex
(say vj) and vi 6= v 6= vj, then we say that Hi and Hj satisfy Property P. Let
G′ = H1∪H2∪· · ·∪Hk. (We will use such notation without mention in what
follows.) Now we analyse the relationship between |F≥4(G′)|, the number of
≥4-faces of G′, and k. For a vertex u ∈ V (G′), we use D(u) to denote the
number of maximal triangle-subgraphs of G that contain u.
First we construct a new graph HG from G
′ with V (HG) = {h1, h2, · · · ,
hk}, where hi in HG corresponds to Hi in G′ for any i ∈ {1, 2, · · · , k}. The
edges in HG are constructed by the following two steps.
Step 1: For every u ∈ V (G′) with D(u) = 2, add the edge hi1hi2 to HG if
both Hi1 and Hi2 contain u. (see e.g. Fig. 1)
Step 2: For every u ∈ V (G′) with D(u) ≥ 3, let Hi1 , Hi2 , · · · , HiD(u) contain
u and they appear in clockwise order around u. For any 1 ≤ j < k ≤ D(u)
with Hij and Hik satisfying Property P, then add the edge hijhik to HG.
LetGu be the subgraph ofHG with vertex set V (Gu) = {hi1 , hi2 , · · · , hiD(u)}
and edge set E(Gu) = {hijhik : Hij and Hik satisfy Property P, 1 ≤ j < k ≤
D(u)}.
Then we add some edges in {hi`hi`+1 : ` = 1, 2, · · · , D(u)} to Gu such that
the resulting graph, denoted by G〈u〉, is connected and has the minimum
number of edges. Now the construction of the edges of the graph HG is
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completed. (see e.g. in Fig. 1, we first join the edges h4h9, h7h8 and h8h11,
then join the edges h4h5, h5h6, h6h7, h9h10 and h8h12.)
1H
2H
6H
3H
4H
5H
10H
7H
11H
8H
9H
12H
1h
2h
6h
5h
4h
3h
9h
8h
7h
11h
12h
G GH
10h
Figure 1: An example of a graph G′ and the corresponding graph HG.
Remark. By the definition of HG, if hihj ∈ E(HG), then Hi and Hj must
have a common vertex. For a edge-critical uniquely 3-colorable graph G, if
D(u) ≤ 2 for any u ∈ G′, then the graph HG obtained by above construction
is unique; otherwise, HG is not unique. Furthermore, we have Theorem 4.1.
Theorem 4.1. Suppose that G ∈ UE has no separating 3-cycles. Let H1, H2,
· · · , Hk be all of the maximal triangle-subgraphs of G, then HG is a simple
planar graph and |F (HG)| = |F≥4(G′)|.
Proof By Corollary 3.5 and Theorem 3.6(i), we know that HG has no loops
or parallel edges. So HG is a simple graph. Note that G
′ = H1∪H2∪· · ·∪Hk is
a planar graph. For any u ∈ V (G′) with D(u) ≥ 3 and any 1 ≤ j < k ≤ D(u)
with Hij and Hik satisfying Property P, then Gu is a planar graph and there
exist no edges hiahib , hichid ∈ E(Gu) such that ia ∈ {ic + 1, · · · , id − 1} and
ib ∈ {id+1, · · · , ic−1}, where a, b, c, d ∈ {1, 2, · · · , D(u)} and the subscripts
are taken modulo D(u). Now we prove that Gu is a forest. If hi′1hi′2 , hi′1hi′3 ∈
E(Gu), then, by the definition of Gu and Theorem 3.6(iii), we know that
there exist H`1 and H`2 such that the graph Hi′1 ∪ Hi′2 ∪ Hi′3 ∪ H`1 ∪ H`2 is
uniquely 3-colorable. Thus, Hi′2 and Hi′3 does not satisfy Property P, namely
hi′2hi′3 /∈ E(Gu). Therefore, Gu is a forest. By the definition of G〈u〉, it is easy
to see that G〈u〉 is a tree. By the definition of HG, we can conclude that HG
is a planar graph.
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For any distinct faces f1 and f2 of HG, by the definition of HG, it can be
seen that there exist two distinct ≥4-faces of G′ corresponding to f1 and f2,
respectively. Conversely, for any ≥4-face f ′ of G′, let Hj1 , Hj2 , · · · , Hjt be all
of the maximal triangle-subgraphs satisfying Hj` and f
′ have common edges,
` = 1, 2, · · · , t. Let u` be the common vertex of Hj` , Hj`+1 , because G〈u`〉 is
tree, there exists a unique face of HG incident with hj1 , hj2 , · · · , hjt . Thus,
|F (HG)| = |F≥4(G′)|.
Theorem 4.2. Suppose that G ∈ UE has no separating 3-cycles. Let f0, f1,
· · · , ft be a sequence of faces in HG such that f` and fm are adjacent, ` =
1, 2, · · · , t, m ∈ {0, 1, · · · , `− 1}. If d(f0) = 3 and d(f`) = 4, ` = 1, 2, · · · , t,
let hi1 , hi2 , · · · , his be all of the vertices incident with the faces f0, f1, · · · , ft.
Then |V (ft)\
⋃t−1
`=0 V (f`)| = 2 and Hi1∪Hi2∪· · ·∪His is uniquely 3-colorable,
where V (f) denotes the set of the vertices incident with f .
Proof The proof is by induction on t. Let V (f0) = {hi1 , hi2 , hi3} and
hjs−r , · · · , his be the vertices incident with ft, but not incident with f0, f1,
· · · , ft−1. If t = 0, since d(f0) = 3, by Theorem 3.6 (iii), we know that
Hi1 ∪ Hi2 ∪ Hi3 is uniquely 3-colorable. Suppose that t ≥ 1. By hypoth-
esis, Hi1 ∪ Hi2 ∪ · · · ∪ His−r−1 is uniquely 3-colorable. Since d(ft) = 4, by
Theorem 3.6 (i), we have r = 1, namely |V (ft) \
⋃t−1
`=0 V (f`)| = 2. There-
fore, by Theorem 3.6 (iii), we obtain that Hi1 ∪ Hi2 ∪ · · · ∪ His is uniquely
3-colorable.
For a planar graph G, let C and C ′ be two cycles of G. C and C ′ are
dependent if there exists a sequence C1(= C), C2, · · · , Ct(= C ′) of cycles
of G such that C` and C`+1 have common edges and |V (Cs)| = 4, where
` = 1, 2, · · · , t−1, s = 2, 3, · · · , t−1. Obviously, if C and C ′ have a common
edge, then they are dependent.
Lemma 4.3. Let G be a planar graph, |V (G)| ≥ 4. If any i-cycle of G is
dependent with at most i − 3 3-cycles for 3 ≤ i ≤ 5 and with at most i − 2
3-cycles for i ≥ 6, then |V (G)| ≥ |F (G)|+ 2.
Proof The proof is by contradiction. Let G be a smallest counterexample
to the lemma, then G satisfies the conditions of the lemma and |V (G)| <
|F (G)| + 2. Suppose that G is not connected, let G1 be a connected com-
ponent of G. If |V (G1)| ≤ 3 and |V (G − V (G1))| ≤ 3, it is easy to see
that |V (G)| ≥ |F (G)| + 2. This is a contradiction. Otherwise, we assume
w.l.o.g. that |V (G− V (G1))| ≥ 4. Since any i-cycle of G is dependent with
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at most i− 3 3-cycles for 3 ≤ i ≤ 5 and with at most i− 2 3-cycles for i ≥ 6,
the same is true of G1 and G − V (G1). By the minimality of G, we have
|V (G − V (G1))| ≥ |F (G − V (G1))| + 2. Furthermore, if |V (G1)| ≥ 4, then
|V (G1)| ≥ |F (G1)| + 2; otherwise, |V (G1)| ≥ |F (G1)|. Therefore, |V (G)| =
|V (G1)|+ |V (G− V (G1))| ≥ |F (G1)|+ |F (G− V (G1))|+ 2 = |F (G)|+ 3, a
contradiction.
Suppose thatG is connected. IfG contains a cut vertex u, let V1, V2, · · · , Vr
be the vertex sets of the connected components of G − u, respectively, and
Gj = G[{u}∪Vi], j = 1, 2, · · · , r. Obviously, Gj satisfies the conditions of the
lemma. If |V (Gj)| ≥ 4, then, by the minimality of G, |V (Gj)| ≥ |F (Gj)|+ 2;
otherwise, |V (Gj)| ≥ |F (Gj)| + 1, j = 1, 2, · · · , r. Therefore, |V (G)| =∑r
j=1 |V (Gj)|−(r−1) ≥
∑r
j=1(|F (Gj)|+1)−(r−1) = |F (G)|+(r−1)+1 ≥
|F (G)|+ 2, a contradiction.
Now we assume that G is 2-connected. If G contains no 3-faces, then
2|E(G)| = ∑f∈F (G) d(f) ≥ 4|F (G)|. Thus |E(G)| ≥ 2|F (G)|. By Euler’s
Formula, we have |V (G)| ≥ |F (G)|+ 2. This contradicts the choice of G. If
G contains exactly one 3-face, then G contains at least one ≥5-face. Thus,
2|E(G)| = ∑f∈F (G) d(f) ≥ 4|F (G)| and then |V (G)| ≥ |F (G)| + 2. If G
contains at least two 3-faces, then each 3-face is dependent with at least two
≥5-faces for G is 2-connected. We claim that |E(G)| ≥ 2|F (G)|, namely∑
f∈F (G) d(f)− 4 ≥ 0.
For any face f ∈ F (G), we set the initial charge of f to be ch(f) =
d(f)− 4. We now use the discharging procedure, leading to the final charge
ch′, defined by applying the following rule:
RULE. Each 3-face receives 1
2
from each dependent ≥5-face.
For any face f ∈ F (G), if d(f) = 3, since f is dependent with at least two
≥5-faces, then ch′(f) ≥ ch(f)+2× 1
2
= 0. If d(f) = 4, then ch′(f) = ch(f) =
0. If d(f) = 5, then ch′(f) ≥ ch(f) − 1
2
· [d(f) − 3] = 0. If d(f) ≥ 6, then,
by hypothesis, ch′(f) ≥ ch(f)− 1
2
· [d(f)− 2] ≥ 1
2
· d(f)− 3 ≥ 0. Therefore,∑
f∈F (G) ch(f) =
∑
f∈F (G) ch
′(f) ≥ 0.
Thus, by Euler’s Formula, we have |V (G)| ≥ |F (G)|+2. This contradicts
the choice of G.
Theorem 4.4. Suppose that G ∈ UE has no separating 3-cycles. If G has
k maximal triangle-subgraphs H1, H2, · · · , Hk and k ≥ 4, then |F (HG)| ≤
|V (HG)| − 2.
Proof By Lemma 4.3, it suffices to prove that any i-cycle ofHG is dependent
with at most i − 3 3-cycles if 3 ≤ i ≤ 5 and with at most i − 2 3-cycles if
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i ≥ 6. The proof is by contradiction. Let C be a i-cycle of HG, and C is
dependent with at least i − 2 3-cycles (3 ≤ i ≤ 5) or with at least i − 1
3-cycles (i ≥ 6). If i = 3 or 4, by Theorems 3.6 (i) and 4.2, it is easy to
see that there exist no dependent 3-cycles and at most one 3-cycle that is
dependent with a 4-cycle. This contradicts the hypothesis. Suppose that
i ≥ 5, let r = i−2 if i = 5 and r = i−1 if i ≥ 6. Let C = Cj,0, Cj,1, · · · , Cj,tj
be a sequence of cycles of HG such that Cj,` and Cj,`+1 have common edges,
|V (Cj,s)| = 4 and |V (Cj,tj)| = 3, where ` = 0, 1, · · · , tj−1, s = 1, 2, · · · , tj−1
and j = 1, 2, · · · , r. Then for any a ∈ {1, 2, · · · , t1} and b ∈ {1, 2, · · · , t2},
C1,a and C2,b are not dependent. Otherwise, C1,a is dependent with two 3-
cycles C1,t1 and C2,t2 . Therefore, each pair of 4-cycles in {C1,1, C2,1, · · · , Cr,1}
have no common edges. Moreover, C and Cj,1 have exactly one common edge
because r ≥ i− 2, j = 1, 2, · · · , r.
If i = 5, then r = 3. We assume w.l.o.g. that V (C) = {h1, h2, · · · , h5}
and let Vj =
⋃tj
`=1 V (Cj,`). Now we consider the following two cases:
Case 1. C1,1 ∪C2,1 ∪C3,1 contains 4 vertices of C, see Fig.2 (a). Assume
w.l.o.g. that h1 /∈ V (C1,1 ∪ C2,1 ∪ C3,1) and V1 ∪ V2 ∪ V3 = {h2, h3, · · · , hp}.
By Theorem 4.2, we can conclude that G0 = H2 ∪H3 ∪ · · · ∪Hp is uniquely
3-colorable. Note that H1 and G0 have two common vertices, this contradicts
Theorem 3.6 (i).
Case 2. C1,1 ∪C2,1 ∪C3,1 contains 5 vertices of C, see Fig.2 (b). Assume
w.l.o.g. that V2 ∪ V3 = {h3, h4, · · · , hp}, V1 = {h1, h2, hp+1, · · · , hp′} and
hp′ ∈ V (C1,t1) \ V (C1,t1−1). By Theorem 4.2, we can conclude that G0 =
H3 ∪ H4 ∪ · · · ∪ Hp is uniquely 3-colorable. Then, by Theorem 3.6 (iii), we
obtain that G1 = G0 ∪H1 ∪H2 ∪Hp+1 ∪ · · · ∪Hp′−1 is uniquely 3-colorable.
Note that H ′p and G1 have two common vertices, this contradicts Theorem
3.6 (i).
1h 2h
3h
4h
5h
1,1C
11,t
C
C
2,1C3,1
C
22,t
C
33,t
C
3,2C
1h 2h
3h
4h
5h
1,1C 11,t
C
C
2,1C3,1
C
22,t
C
33,t
C
3,2C
(a) (b)
Figure 2: Two cases of a 5-cycle dependent with three 3-cycles.
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If i ≥ 6, then r = i−1. Assume w.l.o.g. that V (C) = {h1, h2, · · · , hi}. In
this case, there exists only one edge, say h1hi, of C that is not in C1,1∪C2,1∪
· · ·∪Cr,1. Suppose that Cj,1 contains the edge hjhj+1 and V2∪V3∪· · ·∪Vr−1 =
{h2, h3, · · · , hp}, j = 1, 2, · · · , r − 1. By Theorem 4.2, we can conclude that
G0 = H2 ∪H3 ∪ · · · ∪Hp is uniquely 3-colorable. Note that H1 and G0 have
two common vertices, this contradicts Theorem 3.6 (i).
By Theorems 4.1 and 4.4, we obtain the following Corollary 4.5.
Corollary 4.5. Suppose that G ∈ UE has no separating 3-cycles. If G has
k maximal triangle-subgraphs H1, H2, · · · , Hk and k ≥ 4, then |F≥4(G′)| ≤
k − 2.
Theorem 4.6. Let G ∈ UE and |V (G)| ≥ 6, then |E(G)| ≤ 52 |V (G)| − 6.
Proof The proof is by induction on n = |V (G)|. It is easy to check that
the theorem is true for n = 6. Suppose that the theorem is true for all edge-
critical uniquely 3-colorable planar graphs with p vertices, where 6 ≤ p ≤
n − 1 and n ≥ 7. Let G ∈ UE and |V (G)| = n. We consider the following
two cases:
Case 1. G contains a separating 3-cycle C.
Let G1 (resp. G2) be the subgraph of G consists of C together with
its interior (resp. exterior). Then both G1 and G2 are uniquely 3-colorable
planar graphs. Otherwise, suppose that G1 has two distinct 3-colorings, then
each 3-coloring of G1 can be extended to a 3-coloring of G. This contradicts
G ∈ UE. By Theorem 3.3, we have G1, G2 ∈ UE. If V (Gi) ≥ 6 for i = 1, 2, by
induction, |E(Gi)| ≤ 52 |V (Gi)| − 6. Thus, |E(G)| = |E(G1)|+ |E(G2)| − 3 ≤
5
2
|V (G1)|−6+ 52 |V (G2)|−6−3 ≤ 52(|V (G)|+3)−15 < 52 |V (G)|−6. If V (G1) ≤
5 or V (G2) ≤ 5, since G1, G2 ∈ UE, there exists a vertex v in V (G1)\V (C) or
V (G2) \ V (C) such that dG(v) = 2. Therefore, G− v is uniquely 3-colorable
and then G − v ∈ UE. By induction, |E(G − v)| ≤ 52 |V (G − v)| − 6. Thus,|E(G)| = |E(G− v)|+ 2 ≤ 5
2
(|V (G)| − 1)− 4 < 5
2
|V (G)| − 6.
Case 2. G contains no separating 3-cycles.
Using the fact that every planar graph with n vertices is a subgraph of a
maximal planar graph with the same vertices, we may assume that Gmax is
a maximal planar graph with n vertices and G is a subgraph of Gmax. Let
q = |E(Gmax)| − |E(G)|, then |E(G)| = 3n− 6− q and |F (G)| = 2n− 4− q.
In this case, we prove the theorem by showing that q ≥ n
2
.
Let H1, H2, · · · , Hk be all of the maximal triangle-subgraphs of G, G′ =
H1 ∪ H2 ∪ · · · ∪ Hk and Hi contain ti 3-faces, where i = 1, 2 · · · , k. Then
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|V (Hi)| = ti + 2, |E(Hi)| = 2ti + 1 and |F3(G)| =
∑k
i=1 ti. Moreover,
|E(G′)| = ∑ki=1 |E(Hi)| = ∑ki=1(2ti + 1) = k + 2|F3(G)|.
Let G∗ be the dual graph of G and G∗0 be the subgraph of G
∗ induced by
V≥4(G∗), the set of vertices of degree at least 4 in G∗. By Euler’s Formula,
we have |E(G∗0)| = |V (G∗0)|+ |F (G∗0)|−ω(G∗0)−1, where ω(G∗0) is the number
of connected components of G∗0. By the definition of G
∗, we have |V (G∗0)| =
|F≥4(G)|, |E(G∗0)| = |E(G)|−|E(G′)| and |F (G∗0)| = |V (G)|−|V (G′)|+ω(G′).
Since G contains no separating 3-cycles, then ω(G∗0) = |F≥4(G′)|. Therefore,
|E(G)| = |E(G′)|+ |E(G∗0)|
=k + 2|F3(G)|+ |F≥4(G)|+ |V (G)| − |V (G′)|+ ω(G′)− |F≥4(G′)| − 1
=2n− 4− q + |F3(G)|+ (k − |F≥4(G′)|) + (n− |V (G′)|) + (ω(G′)− 1)
(1)
Note that n − |V (G′)| ≥ 0 and ω(G′) − 1 ≥ 0 in Formula (1). Because
Gmax has 2n − 4 3-faces by Euler’s Formula and removing a edge decreases
the number of 3-faces by at most two, we have
|F3(G)| ≥ 2n− 4− 2q (2)
Suppose that k = 1, then |F≥4(G′)| = ω(G′) = 1, H1 is a maximal
outerplanar graph and H1 = G[V (H1)] by Corollary 3.5. If |V (G′)| = n,
then G = H1. In this case, |E(G)| = 2n − 3 < 52n − 6 since n ≥ 7. If|V (G′)| = n − 1, then, by Theorem 3.3, |E(G)| = |E(H1)| + 2 = 2(n −
1) − 3 + 2 < 5
2
n − 6. If |V (G′)| ≤ n − 2, then, by Formula (1), we have
|E(G)| ≥ 2n−4−q+2n−4−2q+2 = 4n−3q−6. Since |E(G)| = 3n−6−q,
we have q ≥ n
2
. Therefore, |E(G)| ≤ 5
2
n− 6.
Suppose that k = 2, by Theorem 3.6(i), we have |F≥4(G′)| = 1 and
ω(G′) ≤ 2. If ω(G′) = 1 and |V (G′)| = n, then H1 and H2 have a common
vertex. By Theorem 3.6(ii), there exists at most one edge in E(G)\(E(H1)∪
E(H2)). Therefore, |E(G)| ≤ |E(H1)|+ |E(H2)|+ 1 = 2t1− 3 + 2t2− 3 + 1 =
2(n+ 1)−5 < 5
2
n−6. If ω(G′) = 2 or |V (G′)| ≤ n−1, then, by Formula (1),
we have |E(G)| ≥ 2n− 4− q + 2n− 4− 2q + 1 + 1 = 4n− 3q − 6. Similarly,
we can obtain q ≥ n
2
, and hence, |E(G)| ≤ 5
2
n− 6.
Suppose that k = 3, by Theorem 3.6(i) and (iii), we have |F≥4(G′)| ≤ 2
and ω(G′) ≤ 3. If |F≥4(G′)| = 1, then, by Formula (1), we have |E(G)| ≥
2n − 4 − q + 2n − 4 − 2q + 2 = 4n − 3q − 6. Therefore, q ≥ n
2
and then
|E(G)| ≤ 5
2
n − 6. If |F≥4(G′)| = 2, then, by Theorem 3.6(iii), we know
that G′ is uniquely 3-colorable. In this case, if |V (G′)| = n, then G = G′
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and |E(G)| = |E(H1)| + |E(H2)| + |E(H3)| = 2t1 − 3 + 2t2 − 3 + 2t3 − 3 =
2(n + 3) − 9 < 5
2
n − 6. If |V (G′)| ≤ n − 1, then, by Formula (1), we have
|E(G)| ≥ 2n− 4− q + 2n− 4− 2q + 1 + 1 = 4n− 3q − 6. Therefore, q ≥ n
2
and then |E(G)| ≤ 5
2
n− 6.
Suppose that k ≥ 4, by Corollary 4.5, we have k − |F≥4(G′)| ≥ 2. By
Formula (1), we have |E(G)| ≥ 2n− 4− q + 2n− 4− 2q + 2 = 4n− 3q − 6.
Therefore, q ≥ n
2
and then |E(G)| ≤ 5
2
n− 6.
5. Concluding Remarks
In this section we give some edge-critical uniquely 3-colorable planar
graphs which have n(= 10, 12, 14) vertices and 5
2
n− 7 edges.
Fig. 3 shows a edge-critical uniquely 3-colorable planar graph G1, which
has 10 vertices and 18 edges, and a unique 3-coloring of G1.
Figure 3: A edge-critical uniquely 3-colorable planar graph G1.
Fig. 4 shows two edge-critical uniquely 3-colorable planar graphs G2 and
G3, both of which have 12 vertices and 23 edges, and their unique 3-colorings.
(a) (b)
Figure 4: Two edge-critical uniquely 3-colorable planar graphs G2 and G3.
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(a) (b)
Figure 5: Two edge-critical uniquely 3-colorable planar graphs G4 and G5.
Fig. 5 shows two edge-critical uniquely 3-colorable planar graphs G4 and
G5, both of which have 14 vertices and 28 edges, and their unique 3-colorings.
Note that for G1, we have k(G1)−|F≥4(G′1)| = 2, where k(G1) is the num-
ber of maximal triangle-subgraphs of G1. For i ∈ {2, 4, 5}, |V (G′i)| = |V (Gi)|;
For i ∈ {2, 4}, ω(G′i) = 1. Furthermore, we have |F3(Gi)| ≥ 2|V (Gi)|−4−2q
for i ∈ {1, 2, 3, 4, 5}, namely the equality of Formula 2 holds for Gi.
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